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Nonexistence of some Antipodal Distance-regular Graphs of Diameter
Four
ALEKSANDAR JURISˇIC´ AND JACK KOOLEN†
We fin an inequality involving the eigenvalues of a regular graph; equality holds if and only if the
graph is strongly regular. We apply this inequality to the firs subconstituents of a distance-regular
graph and obtain a simple proof of the fundamental bound for distance-regular graphs, discovered
by Jurisˇic´, Koolen and Terwilliger. Using this we show that for distance-regular graphs with certain
intersection arrays, the firs subconstituent graphs are strongly regular. From these results we prove
the nonexistence of distance-regular graphs associated to 20 feasible intersection arrays from the book
Distance-Regular Graphs by Brouwer, Cohen and Neumaier [3].
c© 2000 Academic Press
1. INTRODUCTION
We obtain the following inequality involving the eigenvalues of a regular graph. Let 0 be
a k-regular graph on n vertices, which is not a disjoint union of cliques. Let k = ξ1 ≥ · · · ≥
ξn be the eigenvalues of 0, and let [s, r ] be any closed interval on the real line containing
ξ2, . . . , ξn . We prove that
n(k + rs) ≤ (k − r)(k − s). (1)
Equality holds if and only if 0 is strongly regular with eigenvalues k, r and s.
Let 0 be a distance-regular graph with diameter at least three. Then Terwilliger [3, Theo-
rems 4.4.3 and 4.4.4] shows that the nontrivial eigenvalues of all firs subconstituent graphs
of 0 are contained in a certain interval [s, r ], where r and s are determined from the inter-
section array of 0. Applying (1) to the firs subconstituents of 0 we obtain an inequality for
the intersection numbers of 0; in the case of equality the firs subconstituent graphs of 0 are
strongly regular. Using these results we prove the nonexistence of distance-regular graphs as-
sociated to 20 feasible intersection arrays from the list in Brouwer, Cohen and Neumaier [3,
pp. 421–425].
2. INEQUALITY
We show that strongly regular graphs with diameter two are a special kind of extremal
graphs. From this, one can quickly derive an inequality for distance-regular graphs, see (4).
Let 0 be a graph whose adjacency matrix A satisfie the relations
A2 = k I+λA+µ(J− I−A), and AJ = k J, for some integers k, λ and µ,
where I is the identity matrix and J is the all-ones matrix, i.e., 0 is k-regular and has at most
three eigenvalues. Then 0 is called strongly regular with parameters (k, λ, µ) and λ (resp.µ)
is the number of common neighbours of two adjacent (resp. nonadjacent) vertices. Suppose
µ 6= 0 (i.e., 0 is connected), and let 0 have diameter two and eigenvalues k > r > s. Note
that the eigenvectors of r and s are orthogonal to the all-ones vector corresponding to the
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eigenvalue k. Therefore, r and s are the roots of the quadratic equation x2− (λ−µ)x + (µ−
k) = 0, and thus
λ− µ = r + s, µ− k = rs. (2)
The above relations show that the parameters (k, λ, µ) of the strongly regular graph 0 can be
expressed in terms of the eigenvalues (k, r, s) of 0. By applying the left- and the right-most
expression of
µJ = A2 + (µ− λ)A + (µ− k)I = (A − r I )(A − s I )
to the all-ones vector one obtains, by (2) and µ 6= 0, the following formula for the number of
vertices of 0
n = (k − r)(k − s)
k + rs . (3)
We show that the right-hand side of equality (3) is an upper bound on the number of vertices
of a k-regular graph with the nontrivial eigenvalues from the interval [s, r ].
THEOREM 2.1. Let 0 denote a k-regular graph on n vertices, with eigenvalues k = η1,
η2, . . . , ηn (not necessarily distinct). Let r and s be real numbers such that r ≤ ηi ≤ s, for
i = 2, . . . , n. Then
n(k + rs) ≤ (k − r)(k − s).
Equality holds if and only if 0 is either a union of cliques or strongly regular with eigenvalues
k, r , s.
PROOF. The trace of the adjacency matrix A of 0 equals the sum of its eigenvalues and
is zero. The trace of A2 equals the sum of squares of eigenvalues and is nk, i.e., the number
of walks of length two which start and end in the same vertex. Summing the inequalities
(ηi − r)(ηi − s) ≤ 0 for i = 2, . . . , n, and using the above two facts we obtain the desired
inequality, where equality holds if and only if ηi ∈ {r, s} for i = 2, . . . , n. It follows that
in the case of equality the graph 0 has at most three eigenvalues, namely k, s and r , and is
therefore strongly regular. The equality case follows from the fact that a regular graph has at
most two distinct eigenvalues if and only if it is a union of cliques. 2
We will apply this result to distance-regular graphs, but firs we need some definitions
An equitable partition (also called a regular partition) of a graph 0 is a partition of its
vertices into cells C1,C2, . . . ,Cs such that for all i and j the number ci j of neighbours which
a vertex in Ci has in the cell C j , is independent of the choice of the vertex in Ci . In other
words, each cell Ci induces a regular graph of valency ci i , and between any two cells Ci and
C j there is a biregular graph, with vertices of the cells Ci and C j having valencies ci j and c j i ,
respectively.
A graph 0 = (X, R) with diameter d is distance-regular when the distance partition cor-
responding to any vertex x ∈ X is equitable and the parameters of the equitable partition do
not depend on x . In a distance-regular graph for a pair of vertices (x, y) at a distance h, the
number phi j of vertices at a distance i from x and j from y depends only on the integers i , j , h,
and not on (x, y). We denote the intersection numbers pii i , p
i
i,i+1, p
i
i,i−1 and p
0
i i , respectively,
by ai , bi , ci and ki , for i = 0, 1, . . . , d: note that b0 = ai + bi + ci is the valency of the graph
0 and we call {b0, . . . , bd−1; c1, . . . , cd} the intersection array of 0. We usually denote b0 by
k. From the intersection array of a distance-regular graph one can compute all its intersection
numbers, eigenvalues and their multiplicities [3, pp. 133–134]. An array of numbers has to
satisfy many so-called feasibility conditions in order to be an intersection array of a distance-
regular graph, for example the intersection numbers and multiplicities of the eigenvalues have
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to be integral, and bi ≥ b j for i > j , see [3, Proposition 4.1.6]. For a detailed treatment on
distance-regular graphs and all the terms which are not define here see [1], [3] and [6].
In 1995 Jurisˇic´, Koolen and Terwilliger found an inequality they call the fundamental
bound. We now use Theorem 2.1 to give a simple proof of the fundamental bound.
Let 0 = (X, R) be a distance-regular graph with diameter d , and eigenvalues k = θ0 >
θ1 > · · · > θd . For a vertex x ∈ X let 0i (x) denote the set of vertices at a distance i from
x , and for a vertex y ∈ X let Dij (x, y) := 0i (x) ∩ 0 j (y). The graph induced on the vertices
0i (x) is called the i th subconstituent graph of x . It is an ai -regular graph on ki vertices. The
firs subconstituent graph of x will also be called the local graph of x . For vertices x and y
at a distance two the graph induced on D11(x, y) is called the µ(x, y)-graph, or just µ-graph.
For d ≥ 2 an easy eigenvalue interlacing argument guarantees that θ1 ≥ 0 and θd ≤ −
√
2, so
we can defin
b− = −1− b1
θ1 + 1 and b
+ = −1− b1
θd + 1 ,
and note that b− < −1. Suppose 0 is nonbipartite with diameter d ≥ 3, and let a1 = η1 ≥
η2 ≥ · · · ≥ ηk be the eigenvalues of the local graph of x . Then, by Terwilliger’s result [3,
Theorems 4.4.3 and 4.4.4], b+ ≥ ηi ≥ b−, for i = 2, . . . , d . Therefore, by Theorem 2.1, we
have the following theorem.
THEOREM 2.2. Let 0 be a nonbipartite distance-regular graph with diameter d ≥ 3,
eigenvalues k = θ0 > θ1 > · · · > θd , and let b− = −1 − b1(θ1 + 1)−1 and b+ =
−1− b1(θd + 1)−1. Then
k(a1 + b+b−) ≤ (a1 − b+)(a1 − b−). (4)
Equality holds in (4) if and only if all local graphs are connected strongly regular graphs with
eigenvalues a1, b+ and b−.
PROOF. We have already derived inequality (4) from Theorem 2.1, and that equality holds
in (4) if and only if the nontrivial eigenvalues of all local graphs are in {b+, b−}. It remains
to prove that in the case of equality in (4) the local graphs have two nontrivial eigenvalues.
Suppose the opposite. Then a local graph is a union of cliques and its parameter c2, which is
µ′ = a1 + b+b−, must be zero. This together with k(a1 + b+b−) = (a1 − b+)(a1 − b−)
implies that a1 = b+ and therefore b− = −1, which is not possible. 2
A detailed study of this inequality appears in [9] and [10]. We use this inequality to derive
nonexistence results.
3. EXISTENCE CONDITIONS
We produce three existence conditions for the parameters of a nonbipartite antipodal distance-
regular graph and list feasible intersection arrays from [3, pp. 421–425], which are eliminated
by these conditions.
A graph with diameter at least two is called a Terwilliger graph when every µ-graph has
the same number of vertices and is complete.
THEOREM 3.1. Let 0 be a distance-regular graph, whose local graphs are strongly regular
with parameters (k′, µ′, λ′). Then:
(i) µ-graphs of 0 are µ′-regular,
(ii) c2µ′ is even, and
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(iii) c2 ≥ µ′ + 1, with equality if and only if 0 is a Terwilliger graph.
PROOF. (i) Let u and v be vertices of 0 at a distance two and let w be any of their
common neighbours. Then the number of neighbours ofw in the µ(u, v)-graph is equal
to the number of the common neighbours of u and v in the local graph of w, i.e., µ′.
(ii) The product c2µ′ must be even, since it is twice the number of edges in a µ-graph by
(i).
(iii) µ′ < c2, as the valency µ′ of a µ-graph must be smaller than the number c2 of its
vertices. In the case c2 = µ′ + 1 the graph 0 is a Terwilliger graph by definition 2
A graph 0 of diameter d is antipodal if the vertices at a distance d from a given vertex are all
at a distance d from each other. Then ‘being at a distance d or zero’ induces an equivalence
relation on the vertices of 0, and the equivalence classes are called antipodal classes. It is
well known that in an antipodal distance-regular graph of diameter d a vertex x , which is at a
distance i ≤ bd/2c from one vertex in an antipodal class, is at a distance d − i from all other
vertices in this antipodal class.
Dickie and Terwilliger [5] studied P- and Q-polynomial antipodal graphs. They showed
that all such graphs with diameter at least f ve are already known. In the case of diameter
four they determined the feasible intersection arrays of these graphs and presented them in
the following form
{c1, c2, c3, c4} = {1, βη, (β2 − 1)(2η − β + 1), β(2η + 2ηβ − β2)} and
bi = c4−i , for i = 0, 1, 2, 3,
where β ≥ 2, η ≥ 3β/4 are integers and η divides β2(β2 − 1)/2. The eigenvalues are
θ0 = β(2η + 2ηβ − β2), θ1 = 2η + 2ηβ − β2, θ2 = 2η − β, θ3 = −β, θ4 = −β2.
We know of three examples of these graphs, for (β, η) = (2, 2) we get the Johnson graph
J (8, 4), for (β, η) = (2, 3) we get the halved 8-cube, and for (β, η) = (4, 6) we have the
Meixner1 graph [11]. Theorem 3.1(ii) rules out many feasible parameters of such graphs, or
more precisely:
COROLLARY 3.2. There is no distance-regular graph with intersection array
{β(2η+2ηβ−β2), (β2−1)(2η−β+1), βη, 1; 1, βη, (β2−1)(2η−β+1), β(2η+2ηβ−β2)},
where β and η are odd integers.
PROOF. Let 0 be a distance-regular graph with the above intersection array. It is easy to
verify that b− = −β and b+ = 2η−β, so 0 satisfie (4) with equality, and thus that their firs
subconstituents are strongly regular, cf. [5, Theorem 1.1 and Lemma 3.2], and µ′ = 2η − β.
By Theorem 3.1(ii), the product c2µ′ = βη(2η − β) has to be even, but this is not possible
since β and η are both odd. 2
We will need the following result of Haemers [7], [8], [3, Theorem 3.3.1], known as the
interlacing technique.
THEOREM 3.3 (HAEMERS). Let A be a complete hermitian n× n matrix, partitioned into
m2 block matrices, such that all diagonal matrices are square. Let B be the m × m matrix,
whose i, j th entry equals the average row sum of the i, j th block matrix of A for i, j =
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FIGURE 1. The partition corresponding to the distance distribution of the antipodal class {y1, . . . , yr }.
We have chosen r to be six. Inside this partition there is a partition of the neighbourhood of the vertex x .
1, . . . ,m. Then the eigenvalues λ1(A) ≥ · · · ≥ λn(A) of A and the eigenvalues λ1(B) ≥
· · · ≥ λm(B) of B satisfy
λi (A) ≥ λi (B) ≥ λi+n−m(A), for i = 1, . . . ,m.
Moreover, if for some integer k, 0 ≤ k ≤ m, λi (A) = λi (B) for i = 1, . . . , k and λi (B) =
λi+n−m(A) for i = k + 1, . . . ,m, then all the block matrices of A have constant row and
column sums.
THEOREM 3.4. Let 0 be a nonbipartite antipodal distance-regular graph with diameter
four, eigenvalues θ0 > θ1 > · · · > θ4 and let r be the size of its antipodal classes. Let
y1, . . . , yr be the vertices of an antipodal class of 0, and let x be at a distance two from y1.
If (4) holds with equality, then the partition
 := D11(x, y1) ∪ · · · ∪ D11(x, yr ) ∪
(
0(x) \
r⋃
i=1
D11(x, yi )
)
of the local graph of x, see Figure 1, is equitable with the quotient matrix
b+ 0 0 . . . 0 −b+b−
0 b+ 0 . . . 0 −b+b−
0 0 b+ . . . 0 −b+b−
...
...
...
. . .
...
...
0 0 0 . . . b+ −b+b−
b+ − b−
r
b+ − b−
r
b+ − b−
r
. . .
b+ − b−
r
−b−(b+ − 1)

.
PROOF. After straightforward calculations using [3, Theorem 1.3.1, Proposition 4.2.2, Corol-
lary 4.2.5], equality in (4) translates to
k + k
b1
(θ1 + 1)(θ4 + 1) = θ1θ4,
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TABLE 1.
Feasible parameters of nonbipartite antipodal distance-regular graphs with diameter four on at most
4096 vertices.
# k b+ −b− r (I)(II)(III)
1 45 3 3 2 *
2 45 3 3 6 * *
3 56 2 4 4 *
4 56 2 4 8 *
5 81 6 3 9 *
6 96 4 4 8 *
7 115 3 5 5 *
8 115 3 5 8 *
9 115 3 5 10 *
10 117 9 3 4 * *
11 117 9 3 6 *
12 117 9 3 9 * *
13 175 5 5 2 *
14 176 8 4 6 *
15 189 15 3 6 * *
16 189 15 3 2 *
17 204 4 6 3 *
18 204 4 6 4 *
19 261 21 3 4 *
20 414 9 6 2 * *
# k b+ −b− r
1 81 6 3 3
2 96 4 4 2
3 96 4 4 4
4 115 3 5 2
5 115 3 5 4
6 117 9 3 2
7 175 5 5 5
8 176 8 4 3
9 189 15 3 3
10 204 4 6 2
11 204 4 6 5
12 261 21 3 2
13 288 6 6 2
14 288 6 6 3
15 329 5 7 2
16 336 16 4 2
17 416 20 4 2
# graph k b+ −b− r µ
1 ! 3.Sym(7).2 10 1 2 3 2
2 ! J (8, 4) 16 2 2 2 4
3 ! halved 8-cube 28 4 2 2 6
5 3.O−6 (3) 45 3 3 3 6
4 ! Soicher1 [12] 56 2 4 3 8
6 3.O7(3) 117 9 3 3 12
7 Meixner1 [11] 176 8 4 2 24
8 Meixner2 [11] 176 8 4 4 12
9 Soicher2 [12] 416 20 4 3 32
10 3.Fi24 31671 351 9 3 1080
(a) (b) (c)
(a) ruled out cases,
(I) by Theorem 3.1(ii) (cases (1), (13) and (16) satisfy Corollary 3.2),
(II) by Theorem 3.1(iii), and
(III) by Corollary 3.5 (the cases (3) and (4) have already been excluded by
Brouwer [2], [4, 11.4I]);
(b) remaining open cases;
(c) known examples, where ‘!’ indicates the uniqueness of the corresponding graph.
which reduces upon substituting k = −θ1θ3 and a1 = k − b1 − 1 = θ1 + θ3, i.e., θ3b1 =
(k − θ3)(θ3 + 1), to θ23 = −θ4. We obtain b+ = θ2, b− = θ3, k = −b−(−b+b− + b+ − b−),
a1 = b+(−b− + 1), c2 = −b−(b+ − b−)r−1 and µ′ = b+. Since 0 is an antipodal graph of
diameter four, x is at a distance 4− 2 = 2 from yi for i = 2, . . . , r , and all the sets D11(x, yi )
have size c2. Let
S := 0(x) \
r⋃
i=1
D11(x, yi ).
Let A be the adjacency matrix of the firs subconstituent graph of x , and B be the average row
sum matrix associated with the partition (as define in Theorem 3.3). Then Bi i = b+, since
the valency of the µ-graphs is, by Theorem 3.1, µ′ = b+. Bi,r+1 = a1−b+ = −b+b−. There
are−c2b+b− = b−(b+−b−)r−1 b+b− edges with one end in D11(x, yi ) and the other end in
S. Therefore, since S has a2 = b+(b−)2 elements, Br+1,i = (b+−b−)r−1 for i = 1, 2, . . . , r .
Finally, Br+1,r+1 = −b−(b+−1) and all other entries of the matrix B are zero by antipodality
of 0. By straightforward calculation of the characteristic polynomial of the matrix B, we fin
that B has eigenvalues a1, b+, b− with multiplicities 1, r−1, 1, respectively. By Theorem 3.3,
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the eigenvalues of B interlace the eigenvalues of A, which implies that r − 1 is at most the
multiplicity of the eigenvalue b+ in the local graph of x . Therefore the interlacing of the
eigenvalues of A by the eigenvalues of B is tight, i.e.,
λi (A) = λi (B) for i = 1, . . . , r − 1 and λr+1(B) = λk(A).
Therefore, by Theorem 3.3, the partition  induces a partition of the matrix A into blocks,
which have constant row and column sums. But this in turn means that the partition  is
equitable with the quotient matrix B. 2
Under the assumptions of the above theorem, the entries of the quotient matrices are inte-
gral, therefore b+ and b− = b−b+ − b−(b+ − 1) are integral. Suppose, furthermore, that
b+ = 0. Then a1 = 0 and θd = −k, which means that the graph is bipartite.
COROLLARY 3.5. Let 0 = (X, R) be a nonbipartite antipodal distance-regular graph
with diameter four and covering index r and, for which (4) holds with equality. Then b+ and
b− are integral, b+ ≥ 1, b− ≤ −2 and r | (b+ − b−).
Brouwer et al. [3, pp. 421–425] constructed the tables of feasible parameters of nonbipar-
tite antipodal distance-regular graphs with diameter four on at most 4096 vertices. In many
cases existence or uniqueness of the corresponding distance-regular graphs has not yet been
determined. Theorem 3.1 and Corollary 3.5 give new existence conditions for these graphs
and many infinit families of otherwise feasible intersection arrays are ruled out. In particular,
20 intersection arrays from these tables are ruled out, see also Table 1 for all known examples
and the remaining open cases.
THEOREM 3.6. There is no distance-regular graphs with intersection arrays
(1) {45, 32, 9, 1; 1, 9, 32, 45}, (2) {45, 32, 15, 1; 1, 3, 32, 45}, (3) {56, 45, 18, 1; 1, 6, 45, 56},
(4) {56, 45, 21, 1; 1, 3, 45, 56}, (5) {81, 56, 24, 1; 1, 3, 56, 81}, (6) {96, 75, 28, 1; 1, 4, 75, 96},
(7) {115, 96, 32, 1; 1, 8, 96, 115}, (8) {115, 96, 35, 1; 1, 5, 96, 115}, (9) {115, 96, 36, 1; 1, 4, 96, 115},
(10) {117, 80, 27, 1; 1, 9, 80, 117}, (11) {117, 80, 30, 1; 1, 6, 80, 117}, (12) {117, 80, 32, 1; 1, 4, 80, 117},
(13) {175, 144, 25, 1; 1, 25, 144, 175}, (14) {176, 135, 40, 1; 1, 8, 135, 176}, (15) {189, 128, 27, 1; 1, 27, 128, 189},
(16) {189, 128, 45, 1; 1, 9, 128, 189}, (17) {204, 175, 40, 1; 1, 20, 175, 204},(18) {204, 175, 45, 1; 1, 15, 175, 204},
(19) {261, 176, 54, 1; 1, 18, 176, 261},(20) {414, 350, 45, 1; 1, 45, 350, 414}.
ACKNOWLEDGEMENT
Wewould like to thank Paul Terwilliger who communicated to us on part (i) of Theorem 3.1,
and who read carefully earlier versions of this paper and suggested many improvements.
REFERENCES
1. N. L. Biggs, Algebraic Graph Theory, Cambridge University Press, Cambridge, 1974.
2. A. E. Brouwer, The Soicher graph—an antipodal 3-cover of the second subconstituent of the
McLaughlin graph, unpublished.
3. A. E. Brouwer, A. M. Cohen and A. Neumaier, Distance-Regular Graphs, Springer-Verlag, Berlin,
Heidelberg, 1989.
4. A. E. Brouwer, A. M. Cohen and A. Neumaier, Corrections and additions to the book ‘Distance-
Regular Graphs’, available online at: http://www.win.tue.nl/math/dw/personalpages/
aeb/drg/index.html.
5. G. A. Dickie and P. M. Terwilliger, Dual bipartite Q-polynomial distance-regular graphs, Europ. J.
Combinatorics, 17 (1996), 613–623.
1046 A. Jurisˇic´ and J. Koolen
6. C. D. Godsil, Algebraic Combinatorics, Chapman and Hall, New York, 1993.
7. W. H. Haemers, Eigenvalue techniques in design and graph theory, Ph. D. Thesis, Eindhoven Uni-
versity of Technology, 1979.
8. W. H. Haemers, Interlacing eigenvalues and graphs, Linear Algebr. Appl., 226–228 (1995), 593–
616.
9. A. Jurisˇic´, J. Koolen and P. Terwilliger, Tight distance-regular graphs, J. Algebr. Comb., 12 (2000),
163–197.
10. A. Jurisˇic´, J. Koolen and P. Terwilliger, Krein parameters and antipodal tight graphs with diameter
3 and 4, Discrete. Math., (1999), submitted.
11. T. Meixner, Some polar towers, Europ. J. Combinatorics, 12 (1991), 397–415.
12. L. H. Soicher, Three new distance-regular graphs, Europ. J. Combinatorics, 14 (1993), 501–505.
Received 8 September 1999 and accepted in revised form 20 August 2000
ALEKSANDAR JURISˇIC´
IMFM and Nova Gorica Polytechnic,
Jadranska 19,
1000 Ljubljana, Slovenia
E-mail: fnlljurisic@uni-lj.si
AND
JACK KOOLEN
Graduate School of Mathematics,
Kyushu University,
Hakozaki 6-10-1,
Higashi-ku, Fukuoka,
Japan
